Abstract Each permutation representation of a finite group G can be used to pull cohomology classes back from a symmetric group to G. We study the ring generated by all classes that arise in this fashion, describing its variety in terms of the subgroup structure of G.
Introduction
Throughout this paper G shall denote a finite group, p shall denote a prime number, and we shall write H * (G) = H * (G, F p ) for the cohomology ring of G with coefficients in the field of p elements. Each action of G on a finite set X gives rise to a homomorphism from G to the symmetric group on X, Σ(X), and hence a ring homomorphism from H * (Σ(X)) to H * (G). Elements of H * (G) in the image of this homomorphism could be called characteristic classes for the G-set X. For example, the characteristic classes defined by Segal and Stretch in [6] arise in this way. Our aim is to study the subring of H * (G) generated by all such characteristic classes, for all finite G-sets X, which we shall denote by S h = S h (G). In fact, our methods apply more generally. For a family F of subgroups of G, let S F = S F (G) stand for the subring of H * (G) generated by characteristic classes for G-sets for which the point stabilizers lie in F. Under mild conditions on F we describe the variety for S F , by which we mean the functor from algebraically closed fields of characteristic p to topological spaces that sends k to the set of homomorphisms from S F to k. We rely upon work in [4] , which in turn relies on work of Quillen [5] .
In [5] , Quillen described the variety for H * (G). Note that the variety is a covariant functor of G. It is easily described in the case when G is elementary abelian (i.e. is abelian of exponent p). For general G, Quillen showed that the variety may be built up from the varieties for the elementary abelian subgroups of G. More formally, Quillen identified the variety as a colimit (of the variety functor) over a category with objects the elementary abelian subgroups of G and morphisms those group homomorphisms induced by conjugation in G.
In [4] , two of the current authors gave a generalization of Quillen's theorem to subrings of H * (G) that are both 'large' and 'natural'. For such rings, they obtained a description of the variety as the colimit over a category with the same objects as Quillen's category, but (in general) more morphisms. The main example considered in [4] is the Chern subring, which is the subring of H * (G) generated by the Chern classes of all unitary representations of G. Other examples include the subring generated by Chern classes of those representations realizable over a given subfield of the complex numbers.
It transpires that the rings S F (G) are 'natural' and are 'large' provided that no element of G of order p is contained in every member of F. In Theorem 2.6 we apply the results of [4] to give a description of the variety for S F in terms of the group structure of G. In Corollary 2.9 we characterize those groups G and families F for which the inclusion of S F in H * (G) is an inseparable isogeny. (Recall that an inseparable isogeny is a homomorphism inducing an isomorphism of varieties.) The map from S h to H * (G) is not in general an inseparable isogeny. However, in Corollary 3.4 we show that this map always induces a bijection between the irreducible components of the two varieties. In terms of ideals, this is equivalent to the statement that for any G, distinct minimal prime ideals of H * (G) have distinct intersections with S h . By way of a contrast, there are examples (see [4] or Example 3.13 below) of groups G for which the Chern ring does not separate the minimal primes of H * (G). Most of the work in this paper consists of an extended example. In § 4 we specialize to the case when G is the general linear group GL n (F p ), and compare the varieties for H * (G), S h and S π , where π denotes the family of parabolic subgroups of G. Equivalently, S π is the subring of H * (G) generated by the characteristic classes for the permutation actions of G = GL n (F p ) on the various types of partial flags in F Definition 2.2. Given a G-set X of cardinality n, a choice of bijection between X and the set {1, . . . , n} induces a homomorphism ρ X : G → Σ n . For fixed X, any two choices of ρ X differ by an inner automorphism of Σ n , and so the ring homomorphism ρ * 
Proof . Let H 1 , . . . , H r be a full set of class representatives for the conjugation action of G on F. Let X be the G-set (G/H 1 ) · · · (G/H r ), and n = |X|. Then X is an F-set, and the kernel of the associated group homomorphism ρ : G → Σ n is a p -group by admissibility. Now compose ρ with the regular representation reg Σn of Σ n in the unitary group U (n!). We obtain a degree n! representation of G, whose restriction to a Sylow p-subgroup P of G is a direct sum of copies of the regular representation. In particular, it is a faithful representation of P . The Chern classes of reg Σn •ρ lie in S F as they are images under ρ * . Hence, by Venkov's proof [7] of the Evens-Venkov theorem, H * (P ) is finitely generated as a module over S F . Therefore H * (G) is finitely generated too. This representation reg Σn •ρ also restricts to every elementary abelian p-subgroup of G as a (non-zero) direct sum of copies of the regular representation, and so is p-regular in the sense of [4] . So S F contains the Chern classes of a p-regular representation. Moreover, the ring S F is clearly homogeneously generated and closed under the action of the Steenrod algebra. By Theorem 6.1 of [4] 
Recall that in the proof of Theorem 2.6 we constructed an F-set X, such that the kernel of the associated group homomorphism ρ : G → Σ |X| is a p -group. By assumption on f , there is some H ∈ F such that the V -sets
Then Y is an F-set and V acts faithfully on Y , f ! (Y ), but these two V -sets are not isomorphic.
We have thus constructed embeddings of V and
is not nilpotent (apply the results of [4, § 9] to the group Σ |Y | ). Moreover, these embed-
, we get the desired class.
Remark 2.8. Theorem 2.6 may be compared with Quillen's theorem (see [2, § 9.2] or [5] ), which states that the restriction maps induce a natural isomorphism
Corollary 2.9. The inclusion of S F in H * (G) is an inseparable isogeny if and only if the category A F is equal to the Quillen category A. If the family F 1 is contained in F 2 , the inclusion of S F1 in S F2 is an inseparable isogeny if and only if
Proof . This is just a special case of Corollary 6.4 of [4] .
Examples
Definition 3.1. We define the hereditary category A h of G to be A F h , where F h is the admissible family of all subgroups of G. Write S h for S F h .
Recall that ∼ G denotes the equivalence relation conjugacy in G. Proof . We prove that the first part holds for any F satisfying the conditions of the second part, not just for F h .
First suppose that U is a subgroup of V and f (U ) ∼ G U . Then the V -set G/U has a point stabilized by U , but f ! (G/U ) does not. Hence these two V -sets are not isomorphic, and so f does not lie in A F .
For the if part, consider any H ∈ F and any U V . The coset gH is fixed by U if and
In [4, § 9], a category C consisting of elementary abelian subgroups of G and injective group homomorphisms was defined to be closed if the following three conditions are satisfied: the Quillen category A is a subcategory; isomorphisms lie in C if and only if their inverses do; and f |U : U → f (U ) lies in C for every f : V → W in C and every U V . 
Corollary 3.4. Objects of
Proof . The upper triangular matrices constitute a parabolic subgroup, as do the lower triangular matrices. These two groups intersect in a p -group, so F π is admissible. Apply Theorem 2.6 for the admissible families F h and F π . (N G (H) ). Hence the p-parabolic subgroups are the normalizers of the p-radical subgroups. Note that algebraic topologists sometimes use the term 'p-stubborn' instead of 'p-radical'.
If O p (G) = 1, then the parabolic subgroups and the p-radical subgroups each form admissible families, since Sylow p-subgroups are p-radical and O p (G) is the intersection of all Sylow p-subgroups.
For p = 11, the sporadic finite simple group J 4 has the trivial intersection property: distinct Sylow p-subgroups intersect trivially. Hence the parabolic subgroups are the admissible family consisting of J 4 itself and the Sylow normalizers. The action of any order p cyclic subgroup on cosets of a Sylow normalizer has one fixed point, with the remaining orbits having length p. As there are two distinct conjugacy classes of order p cyclics, the parabolic category is larger than the hereditary category. The cohomology of J 4 at the prime 11 was computed in [3] . Example 3.13. In general the subring S h is far larger than the subring generated by Chern classes of permutation representations: i.e. the subring generated by all images of H * (BU(n)) under homomorphisms G → Σ n → U (n), where Σ n is embedded in U (n) as the permutation matrices. In general, neither S h nor the whole Chern subring is contained in the other. In [4] it was shown that the varieties for the Chern subring and for the subring generated by Chern classes of permutation representations are colimits over the categories A and A P , respectively, where f : V → W lies in A if and only if f (v) ∼ G v for every element v ∈ V , and lies in A P if and only if f (U ) ∼ G U for every cyclic subgroup of V .
When p = 2, A and A P are equal for any G. When p is odd, and G is cyclic of order p, A P = A h , and both are properly contained in A . For any prime p, there are elementary abelian p-groups of rank two in the general linear group GL 3 (F p ) that are not conjugate (and hence not isomorphic in A h ), but are isomorphic in A and in A P . See [4, § 7] for a discussion of this example.
An extended example
Fred Cohen asked the third author about the subring of H * (GL n (F p )) generated by the permutation representations on flags. In our language, the question concerns the subring S π . This question provided the starting point for the current paper. We provide a partial answer to this question by comparing the varieties for H * (GL n (F p )), S h and S π , which is equivalent to comparing the categories A, A h and A π . Recall that there are inclusions
Let G be the general linear group GL 2n (F p ). We show that all three categories are distinct for n 6. The most time-consuming part is showing that A π differs from A h for such n. By Corollary 3.4 it suffices to show that there are elementary abelian p-subgroups of G which are isomorphic in A π but not conjugate in G. We shall find rank two examples using modular representation theory.
Let p be a prime number, and let A, B be generators for the rank two elementary
where I ∈ GL n (F p ) is the identity matrix. The following lemma is well known in the modular representation theory of V . Proof . Let J ∈ GL n (F p ) be the matrix in rational canonical form with characteristic polynomial f . (By this we mean the matrix with 1s below its diagonal, minus the coefficients of f along its final column and zeros elsewhere, but in fact any matrix with characteristic polynomial f will suffice.) Since f is irreducible, J has no eigenvalues in F p . In particular, this means that I + J lies in GL n (F p ). The condition on the roots of f means that J and I +J have distinct characteristic polynomials, and so are non-conjugate in GL n (F p ).
Let E be Im(ρ J ), the rank two elementary abelian generated by a = ρ J (A) and b = ρ J (B). Hence
Let φ be the automorphism of E which fixes a and sends b to ab. By the proof of Lemma 4.1 we see that φ ∈ A, since J and I + J are not conjugate. To see that φ ∈ A h , it suffices by Lemma 3.2 to show that e, φ(e) are conjugate in G = GL 2n (F p ) for each non-trivial e ∈ E. But this follows from Lemma 4.2.
Corollary 4.4. Set n 0 = 2 for p 3 and n 0 = 3 for p = 2. For G = GL 2n (F p ) and n n 0 , the Quillen category A is strictly smaller than the hereditary category A h .
Proof . We show that there is a θ satisfying the conditions of Lemma 4.3. The Galois group of F p n /F p is cyclic of order n, generated by the Frobenius automorphism. Hence θ ∈ F p n has the same minimal polynomial as θ + 1 if and only if θ is a root of x For any pair f , g of irreducible degree n monic polynomials over F p , the isomorphism
lies in A π by Proposition 4.5. As distinct irreducible polynomials give rise to nonisomorphic representations, the number of irreducible g such that Im(ρ g ) is conjugate to a given Im(ρ f ) cannot exceed | Aut(V )| = (p 2 − 1)(p 2 − p). But for n n 0 there are always more irreducibles than this. For the total number of irreducibles is equal to π n /n, where π n is the number of primitive elements in F p n /F p . We have π 5 
We now derive some results needed in the proof of Proposition 4.5. We take f to be a degree n irreducible polynomial over F p , and J = J f to be the associated matrix in rational canonical form. In the matrix of J for this basis, the first m columns describe the action on W , and depend solely on λ. So the number of (J, λ )-bases giving rise to a subspace of W with partition λ is independent of J. By Lemma 4.7, the number of (J, λ )-bases for any such W depends solely on λ . Proof . The case s = 1 is Corollary 4.9. The general case is by induction on s using Lemma 4.8.
Proof of Proposition 4.5. We must show that for each parabolic subgroup H G, the isomorphism class of the V -set structure induced on G/H by ρ f does not depend on f . Now, two finite V -sets X, Y are isomorphic if and only if for each subgroup U of V , the sets X U , Y U have the same cardinality. The case U = 1 is clear. For the cyclic subgroups, observe that since J has no invariant subspaces and therefore no eigenvectors, the matrix λI + µJ is invertible for all (λ, µ) ∈ F 2 p \ {0}. Therefore, by Lemma 4.2, all non-trivial elements of Im(ρ f ) are conjugate in GL 2n (F p ) to each other, and so the number of fixed cosets is independent of f .
Only the hardest case remains to be proved: that the number of cosets fixed by V itself is independent of f . Recall that the parabolic subgroups in GL 2n are the flag stabilizers. Define the type of a flag
